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Abstract 

We show that the topological string partition function with D-branes on a compact 
Calabi-Yau manifold has new anomalies that spoil the recursive structure of the 
holomorphic anomaly equation and introduce dependence on wrong moduli (such 
as complex structure moduli in the A- model), unless the disk one-point functions 
vanish. This provides a microscopic explanation for the recent result of Walcher in 
arXiv:0712.2775 on counting of BPS states in M-theory using the topological string 
partition function. The relevance of vanishing disk one-point functions to large N 
duality for compact Calabi-Yau manifolds is noted. 
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1 Introduction 



The topological string holomorphic anomaly equation gives a recursion relation for the par- 
tition function F g with respect to the genus g of the string worldsheet [1] . The equation has 
proven to be useful in evaluating topological string amplitudes. In fact, for compact Calabi- 
Yau manifolds, it is the only known method for computing these amplitudes systematically 
for higher g. This method has seen remarkable progress in recent years. The Feynman 
diagram method developed in [1] has been made more efficient by [2]. This, combined with 
knowledge on the behavior of F g at boundaries of the Calabi-Yau moduli space, has made it 
possible to integrate the holomorphic anomaly equation to very high values of g [3J. 

Recently, Walcher generalized the holomorphic anomaly equation to the case of topo- 
logical string theory in the presence of D-branes [I]. Attempts to derive such an equation 
had been made before, for example in pp. The new ingredients in [4] are two assumptions: 
that open string moduli do not contribute to factorisations in open string channels and that 
disk one-point functions vanish. A Feynman diagram method for integrating the holomor- 
phic anomaly equation in the presence of D-branes has subsequently been proven j5] and 
enhanced jHJITj, as well as considered in the context of background independence [8]. Fur- 
thermore, initial attempts have been made to understand the situation where open string 
moduli may contribute [9]. 

In this paper, we will focus on the assumption of vanishing disk one-point functions. We 
find that, for a compact Calabi-Yau manifold, disk one-point functions generate new terms in 
the holomorphic anomaly equation and spoil its recursive structure. Moreover, with non-zero 
disk one-point functions, the string amplitudes can develop dependence on "wrong" moduli, 
that is complex structure moduli in the A-model and Kahler moduli in the B-model. 

That disk one-point functions themselves depend on wrong moduli has been known for a 
long time. In [TU] , it was shown that D-branes in the A-model are associated to Lagrangian 
3-cycles and that their disk one-point functions depend on B-model moduli. Conversely, 
D-branes in the B-model are associated to holomorphic even-cycles and their disk one-point 
functions depend on A-model moduli. One might then imagine that disk one-point functions 
could introduce wrong moduli dependence into higher genus partition functions, and indeed 
we will find this effect explicitly, as new anomalies in compact Calabi-Yau manifolds. 

The cancellation of overall D-brane charge provides a means to remove the contribution 
of the new anomalies. Indeed, such a cancellation appears to be required for the successful 
counting of the number of BPS states in M-theory using the topological string partition 
function. In [TT], it was conjectured that the partition function of the closed topological 
string can be interpreted as counting BPS states in M-theory compactified to five dimensions 
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on a Calabi-Yau manifold. This conjecture was extended to cases with D-branes in [T2| 
[T3"] . Recently, Walcher [T3] applied the formulae of [T2] to examples of compact Calabi-Yau 
manifolds and found that the integrality of BPS state counting can be assured only when 
the topological charges of the D-branes were cancelled by introducing orientifold planes |14j . 
such that the disk one-point functions vanish. Our result gives a microscopic explanation of 
this observation. 

Furthermore, the absence of the new anomalies appears to be a prerequisite for large N 
duality between open and closed topological string theories. Specifically, duality implies that 
topological string amplitudes in both theories should obey the same equations, notably the 
holomorphic anomaly equation, and should not depend on the wrong moduli. In [5], it was 
pointed out that the holomorphic anomaly equation for the open string derived in [I] under 
the assumption of vanishing disk one-point functions is similar to that for the closed string, 
after appropriate shifts of closed string moduli by amounts proportional to the 't Hooft 
coupling. The compatibility of the holomorphic anomaly equation and large N duality are 
further investigated in [T5]. Conversely, the presence of the new anomalies is correlated 
with the breakdown of large iV duality. For compact Calabi-Yau manifolds, the conifold 
transition requires homology relations among vanishing cycles [T6l [T7] . For example, if a 
single 3-cycle of non-trivial homology shrinks and the singularity is blown up, the resulting 
manifold cannot be Kahler. Thus, the presence of D-branes with non-trivial topological 
charge implies a topological string theory without closed string dual — and simultaneously 
the disk one-point functions do not vanish, and so the new anomalies are present. 

In section 2, we analyse the anomalous dependence of the partition function on both 
Kahler and complex structure moduli, and identify the terms expressing the new anomalies. 
In section 3, we discuss further the implications of these new anomalies. 

2 Anomalous worldsheet degenerations 

In this section we consider the dependence of the genus g and boundary number h amplitude 
Fg t h on both the anti-holomorphic moduli t l and the "wrong" moduli y a and y a . Our results 
are independent of choosing the A- or B-model, so wrong moduli are complex structure 
moduli for the A-model and Kahler moduli for the B-model. 

Our analysis below completes the derivation of [I], namely that under the assumption 
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that open string moduli do not contribute to open string factorisations, 

Jf F 9 ,h = \c lTk e 2K G^G lk E DjF r>s D k F g - r , h - s + D 3 D k F g ^ - /;,/;,, ,. (1) 
) F ^ = tL F 9* = 0. ( 2 ) 



Q y a 9^ Qya 

if and only if 

C- a = (u- a \B) = 0. (3) 

Here B is the boundary and Ca is a disk one-point function, with cD^ an (a, a) chiral primary 
state with charges qa + Qa = —3. If the disk one-point functions do not vanish, then all 
three of these equations receive anomalous contributions, which cannot be written in terms 
of lower genus amplitudes. In the presence of orientifolds, C n is the sum of the disk and 
crosscap one-point functions [T4] . 

We denote the supercurrents G ± and G , with conventions such that for both models 
the BRST operator is written as, 

Qbrst = j> G + dz + <j> G + dz, (4) 

where barred quantities are right-moving. The appropriate worldsheet boundary conditions 
for the supercurrents are, 

(G + dz + G + dz)\ dJ: = 0, and (G~x z dz + G~x s dz)\ d x = 0, (5) 

where \ is a holomorphic vector along the boundary direction. 

To derive the extended holomorphic anomaly equation we follow the approach of p], 
with the addition of some important details. Taking the t l derivative of F g ^ is equivalent to 
inserting the operator, 

JjG+,[G + ,4n]h (6) 

with integral over the worldsheet S. ^ is a state in the (a, a) chiral ring with left- and 
right-moving U(1)r charge (—1,-1). Here [G + ,<f)i] means § c dw G + (w)<f)i(z), with C z a 
small contour surrounding z. In general the integrals of G + and G + do not annihilate the 
boundary, so to derive the holomorphic anomaly we rewrite the insertion as, 

-\! {G + + G\[G + -G\U), (7) 
to allow at least one contour to be deformed around the worldsheet. 
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For the other case, namely the wrong moduli, taking the y a derivative of F g ^ is equivalent 
to inserting, 

[{G + 1 [G- 1 ip a ]} + 2 [ <p a , (8) 

where (p a is a charge (1,-1) marginal operator from the (c, a) ring, which satisfies 
[G + , ip a ] = and [G , tp a ] = 0. The second term is a boundary term required to resolve the 
so-called Warner problem [18]: we require the deformation to be BRST-exact, but the Qbrst 
variation of the first term alone is a boundary term, as can be seen using {G + , G~} = 2T 
and converting T to a total derivative. Since j J] {G + , [G~,Lp a ]} = 2 j d ^f a , we can re-write 
© as, 

JjG + + G + ,[G-,ip a ]}, (9) 

so that the first contour can be deformed past boundaries on the worldsheet. 

Thus for both the ? and y a derivatives, the combination (G + + G + ) can be moved 
around the Riemann surface, producing terms corresponding to all possible degenerations of 
the Riemann surface, as listed below. For each degeneration, there remain the insertions, 

- l -j[G + -G + ,U and f [G~ , Va ], (10) 

for t l and y a dependence respectively. 

The first class of degenerations are closed string factorisations, corresponding to a handle 
degenerating, and either splitting the Riemann surface in two, or removing a handle. The 
remaining modulus of the handle is represented by an integrated (G~ — G ) insertion, folded 
with a Beltrami differential. This insertion annihilates the ground states propagating on the 
long tube, so for non-zero result the remaining insertion (1101) must be on the tube. Now 
the absence of boundaries on the tube makes the results of [T] directly applicable, namely: 
for the t % derivative we get all but the last term in (JTJ); and the y a derivative contributions 
vanish. 

Next are open string factorisations, where a boundary expands and meets itself, removing 
a handle; or two boundaries collide. The degeneration produces a thin strip, with each end 
encircled by a G~ or G folded with a Beltrami differential, associated with the position of 
the attachment point of the strip to the boundary. The strip can be replaced by a complete 
set of open string states. However, our assumption that open string moduli do not contribute 
removes all but charge and 3 states, and these are annihilated by the G~ or G integrated 
around the attachment point, regardless of the location of the insertion ffTOl) . Thus this case 
gives no contribution. 

The interesting case is that of a boundary shrinking, or equivalently moving far from the 
rest of the Riemann surface. That such a degeneration is part of the boundary of moduli 
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space can be seen by doubling the Riemann surface T, g ^ to form a closed surface T,' 2g+h _ 1 , 
with the boundaries of S S) ^ on the fixed plane of the Z2 involution of T,' 2g+h _ 1 . The pinching 
off of a ^2g+h— 1,0 handle which crosses the Z2 fixed plane is equivalent to a shrinking boundary 
in E g>h . 

A boundary is associated with three real moduli insertions, specifying the location of the 
boundary and its length r. The boundary degeneration is thus equivalent to a boundary at 
the end of a long tube, with the Beltrami differentials associated with the two remaining 
moduli localised to the attachment point of the tube to the rest of the Riemann surface. 
The absence of additional moduli on the tube distinguishes this class from the closed string 
factorisation class above, and furthermore allows the remaining insertion ( ITUl) to be anywhere 
on the worldsheet. 

Firstly, (fTUj) may nevertheless be on the tube. The degeneration r — > 00 projects the 
intermediate states on both sides of the insertion to ground states, since excited states decay 
as e~ hr where h > is the total (left+right) conformal weight. Now, however, G ± and G^ 
annihilate the ground states, so this case is zero. 

Secondly, ffTUl) may be near the shrinking boundary. For the i % derivative, the near- 
boundary region is a disk two-point function in the anti-topological twisting, denoted Ajj. 
This term was identified in pE], and is the last term in (CD). For the y a derivative, the 
near-boundary region is shown in Figure [U We can replace the tube with a complete set 
of closed string ground states, ^ 7 j \I)g IJ (J\, where g IJ is the tt* metric, and 7, J run 
over all (c, c) and (a, a) chiral primary states, respectively. Standard considerations on the 
rest of the Riemann surface force |7) = \i) to be a charge (1,1) (i.e. marginal) state. 
(J| = (j\ is thus a charge (—1, —1) state from the (a, a) chiral ring. Near the boundary the 
theory is anti-topologically twisted, making G~ and G dimension 1 as supercurrents, and 
so allowing contour deformation. Using the properties of the chiral rings, (flQj) can be written 
as / S [G~ + G , f a ]. The contour of [G~ + G ) can be deformed off the disk, annihilating 
both (j\ and the boundary, so this case is zero. 

Lastly, (TTOT) may be inserted somewhere else on the Riemann surface, as shown in Figures 
[2] and [3] for the y a and £' derivatives, respectively. The tube is again replaced with a complete 
set of ground states ^ 7 j \I)g IJ (J\. To avoid annihilation by G~ and G localised to the 
tube attachment point, \I) must be in the (c, c) chiral ring and have qi, qi 7^ 0. Furthermore, 
both of the insertions (fTUl) are (linear combinations of) states with (0,-1) or (—1,0) left- 
and right-moving U(1)r charge, and the tube end-point moduli contribute charge (—1, — 1), 
so 1 7) is required to be a (linear combination of) charge (1,2) or (2,1) state. We denote 
these u a , index a running over charge (1,2) and (2,1) chiral primaries. Note that the u a 
are not associated with marginal deformations of the topological string in question; they 
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G\ = h 




[G-,tp a ] 

Figure 1: The near-boundary region 
of the shrinking boundary degenera- 
tion for y a derivative, with insertion 
( II Op near the boundary This am- 
plitude vanishes, as described in the 
text. 




[G-,<f a ] 

Figure 2: Amplitude for the shrinking bound- 
ary degeneration for y a derivative, with inser- 
tion ( fTUI) elsewhere on the Riemann surface. 
This is non-zero unless the disk one-point func- 
tion vanishes. 




Figure 3: Amplitude for the shrinking boundary degenerating for t l derivative, with the 
insertion (1101) located away from the shrinking boundary. On the right we have replaced 
the tube with a sum over states u a of charge (1,2) and (2, 1), rendering the near-boundary 
region a disk one-point function. 
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are associated with deformations of the mirror. In the A-model, they correspond to target 
space 3-forms, and hence to complex structure deformation, and in the B-model they are 
(1,1) forms, and so correspond to Kahler deformations. Near the shrinking boundary the 
resulting amplitude is the disk one-point function, 

C a =(u a \B). (11) 

This case thus contributes the following new terms to ([!]) and ([2]): for the derivative with 
respect to f, 

g ab C a [ [dm]({G-,\G~,u b ]}[G + -G + ,4n]) , (12) 
and for the derivative with respect to y a , 

g ab C a [ [dm}({G-,[G',co b }}[G-,ip a ]) , (13) 

where the m's are the moduli of the Riemann surface — the corresponding insertions 

of G~ and G folded with Beltrami differentials have been suppressed. Note that the G~ and 
G contours around ouj, and f a cannot be deformed as they are dimension 2 as supercurrents; 
and that the (G + — G + ) contour around fa cannot be deformed as it does not annihilate any 
additional boundaries that may be present. 



3 Discussion 

Our analysis has uncovered additional contributions to both the anti-holomorphic and wrong 
model dependence of the open topological string partition function, if C a is not zero. The 
former introduces an additional term (fT2]) to ([1]). This term does not correspond to any 
of the standard open topological string amplitudes, as the insertion ui a is not marginal. It 
is therefore not possible to include this additional term in a simple recursion relation, so 
much of the power of the standard holomorphic anomaly equation is lost. The wrong model 
derivative anomaly also has no recursive interpretation, but more crucially it manifestly 
breaks the decoupling of A- and B-model moduli. 

The derivation above may not seem to distinguish between compact and non-compact 
Calabi-Yau target spaces. In fact, the anomalies need only appear in the compact case, 
as we demonstrate by example in the next paragraph. Beforehand, note that this agrees 
with our expectations: D-branes wrapped on cycles in compact Calabi-Yau manifolds and 
filling spacetime (or perhaps even two directions in spacetime [13]) give an inconsistent setup 
unless there are sinks for the topological D-brane charges. Simultaneously, these sinks cancel 
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the disk one-point functions, and so the appearance of the new anomalies is correlated with 
invalid spacetime constructions. 

Furthermore, the standard results of the Chern-Simons gauge theory and matrix models 
as open topological field theories are not affected by the new anomalies. Consider, for 
example, N D-branes wrapping the S 3 of the space T*S 3 , again giving C a ^ 0. The total 
space of T*S 3 is Calabi-Yau and non-compact, with the S 3 radius as the complex structure 
modulus. It is well-known that open topological string theory on this space is the U(N) 
Chern-Simons theory, which is topological and should be independent of the S 3 radius. To 
resolve this apparent contradiction, consider embedding T*S 3 in a compact space containing 
a second 3-cycle in the same homology class as the base S 3 , wrapped by N anti-D-branes. 
The boundary states of the two stacks combine to give C a = 0, and the new anomalies do 
not appear. Now take the limit where the second 3-cycle moves infinitely far away from 
the base S 3 to recover an anomaly-free local Calabi-Yau construction. The point is that in 
non-compact Calabi-Yau manifolds, the new anomalies can be removed by an appropriate 
choice of boundary conditions at infinity. 
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